Analogous to the recent generalizations of the familiar beta and hypergeometric functions by Lin et al. [S.-D. Lin, H. M. Srivastava, J.-C. Yao, Appl. Math. Inform. Sci., 9 (2015), 1731-1738], the authors introduce and investigate some general families of the elliptic-type integrals for which the usual properties and representations are naturally and simply extended. The object of the present paper is to study these generalizations and their relationships with generalized hypergeometric functions of one, two and three variables. Moreover, the authors establish the Mellin transform formulas and various derivative and integral properties and obtain several relations for special cases in terms of well-known higher transcendental functions and some infinite series representations containing the Meijer G-function, the Whittaker function and the complementary error functions, as well as the Laguerre polynomials and the products thereof. A number of (known or new) special cases and consequences of the main results presented here are also considered.
Introduction, definitions and preliminaries
In Legendre's normal form, the incomplete elliptic integrals F(ϕ, k), E(ϕ, k) and Π(ϕ, α 2 , k) of the first, second and third kind (with modulus |k| and amplitude ϕ) are defined by (see, e.g., [1, 3, 9, 11] ), (1 − α 2 t 2 ) (1 − t 2 )(1 − k 2 t 2 ) , (1.3)
respectively. In particular, when ϕ = π 2 , the definitions (1.1), (1.2) and (1.3) reduce immediately to the corresponding complete elliptic integrals K(k), E(k) and Π(α 2 , k) of the first, second and third kind, which are defined by (1 − α 2 t 2 ) (1 − t 2 )(1 − k 2 t 2 ) , (|k 2 | < 1, α 2 = 1), (1.6) respectively. Over five decades ago, Epstein and Hubbell [19] (and, in a sequel, Weiss [36] ) studied the following interesting generalization of K(k) and E(k), which was encountered in a Legendre polynomials expansion method when applied to certain problems involving computation of the radiation field off-axis from a uniform circular disk radiating according to an arbitrary angular distribution law (see, for details, [7] ):
(1 − κ 2 cos θ) j+ 1 2 , (1.7) (0 κ < 1, j ∈ N 0 := N ∪ {0} , N := {1, 2, 3, · · · }).
Indeed, by comparing the definitions (1.4), (1.5) and (1.7), we have the following relationships:
and Ω 1 (κ) = k √ 2 κ(1 − κ 2 ) E(k), k 2 := 2κ 2 1 + κ 2 . Motivated by their importance and also by their potential for applications in certain problems in radiation physics, several recent works were devoted exclusively to the study of various interesting generalizations of the elliptic integrals (see [6, 8, 10, 17, 18, 21, 22, 29, 30, 34, 35] ). In particular, Lin et al. [22, p. 1178 .2)] studied and investigated the following families H(ϕ, k, γ), and H(k, γ) of incomplete elliptic integrals and complete elliptic integrals: 8) for some suitable constants M 0 and ω depending essentially upon the sequence {κ } ∈N 0 . In terms of the function Θ ({κ } ∈N 0 ; z) defined by (1.8), Srivastava et al. [33] introduced and investigated the following remarkably deep generalizations of the extended Gamma function, the extended Beta function and the extended Gauss hypergeometric function:
and
respectively, provided that the defining integrals in the definitions (1.9) and (1.10) exist.
Lin et al. [23] introduced and investigated a substantially more general family of the generalized Beta function and the Gauss type hypergeometric functions, which are defined by
where, as usual, an empty product is interpreted as 1 and the involved parameters and the argument z are tacitly assumed to be so constrained that the series on the right-hand side is absolutely convergent.
The special case of the definition (1.13) when µ = ν = 1, and
coincides precisely with the definition (1.11). Also, for µ = ν = m, and
and with the sequence {κ } ∈N 0 given by 
which, in case µ = ν = m = 1, and
and with the sequence {κ } ∈N 0 given by 14) reduces immediately to the following p-Gauss hypergeometric function F p (a, b; c; z) studied by Chaudhry et al. [13] :
Motivated essentially by the aforementioned and many other potential avenues of their applications, we propose to introduce and investigate here a new extension of the elliptic-type integrals, which is based upon the definition (1.12) of the generalized Beta function B ({κ } ∈N 0 ) p;µ,ν (α, β). The extension proposed in this paper will be seen to be extremely useful. Many of the known properties of the elliptic-type integrals carry over naturally and simply for it. Furthermore, it provides connections with the complementary error function, the Whittaker function and the Meijer G-function as new representations for special parameter values of the extended elliptic-type integrals.
The plan of our paper is as follows: In Section 2, we introduce the generalized Appell and Lauricella type functions of two and more variables. In Section 3, we propose some generalizations of the incomplete and complete elliptic-type integrals. In Section 4, the extended complete elliptic-type integrals are presented in terms of the generalized hypergeometric type functions. In Section 5, various Mellin transform formulas are obtained for these extended elliptic-type integrals. In Section 6 several derivative and integral formulas are derived for the extended elliptic-type integrals. In Section 7, we express several special cases of these extended elliptic-type integrals in terms of some higher transcendental functions and give various infinite series representations containing the Whittaker function and the Laguerre polynomials and the products thereof. Finally, some concluding remarks and observations are presented in Section 8.
Generalized Appell and Lauricella type functions
In terms of the the generalized Beta type function B ({κ
is given by definition (1.12), we first introduce the generalized Appell and Lauricella type functions of two and r variables as follows:
and 
Proof. For convenience, we denote the second member of the assertion (2.4) by Λ p (x, y) and assume that max{|x|, |y|} < 1. Then, upon expressing
as their Taylor-Maclaurin series, if we invert the order of summation and integration (which can easily be justified by absolute and uniform convergence), we find that
which, in view of the definitions (1.12) and (2.1), yields the assertion (2.4) of Theorem 2.1.
Theorem 2.2.
The following integral representation for the generalized Appell type function in (2.2) holds true:
it is easily seen that
which is rather instrumental in our demonstration of Theorem 2.2 along the lines of the proof of Theorem 2.1. 
Proof. The proof of Theorem 2.3 is much akin to that of its special (two-variable) case (that is, Theorem 2.1 above) when r = 2. We, therefore, omit the details involved.
Generalized elliptic-type integrals
In this section, we propose an extension of the classical incomplete and complete elliptic integrals of the first, second and third kind (with modulus |k| and amplitude ϕ) as follows:
so that, obviously, in the special cases when γ = 0, and γ = 1, we have
In particular, when ϕ = π 2 , these last equations (3.2), (3.3) and (3.4) reduce to the corresponding generalized complete elliptic-type integrals given by
so that, obviously, for γ = 0, and
we have
(p) > 0, p = 0, and |k 2 | < 1 , and
respectively. We now introduce the following generalization of the Epstein-Hubbell type elliptic-type integral in (1.7):
It is interesting to note that, if we put
in (3.5), we get the following relationship between the generalized elliptic-type integrals H ({κ
defined by (3.5) and
In terms of the complementary modulus k , the proposed extended complete elliptic integrals are defined by
respectively.
Remark 3.1. The special cases of (3.2) to (3.10) when p = 0 or (alternatively) for
are easily seen to reduce to the classical incomplete and complete elliptic integrals (1.1) to (1.6), respectively (see, for details, [9] , see also [8] and [19] ).
Connection with generalized hypergeometric functions
In this section, we present generalized complete elliptic integrals in terms of generalized hypergeometric type functions of one, two and three variables.
Theorem 4.1. Let
(p) > 0, and
(4.4)
Proof. Letting t 2 = u in (3.5), (3.6) and (3.7) and using the definition (1.13), we get the desired relations 
Proof. Upon letting t 2 = u in the equations (3.5), (3.6), (3.7) and (3.8), if we make use of the integral representation in (2.4), we get the desired relations (4.5), (4.6), (4.7) and (4.8), respectively. On the other hand, by putting t 2 = u in (3.8) and using the integral representation (2.5) for r = 3, we get the desired relation (4.9).
A set of Mellin transform formulas
The Mellin transform of a suitably integrable function f(t) with index s is defined, as usual, by
whenever the improper integral in (5.1) exists (see, for details, [20] and [28] ).
Theorem 5.1. The following Mellin transform formula for H
where F 1 denotes one of the four Appell's hypergeometric functions of two variables defined by (see, e.g., [31, p. 22, Eq. 1.3(2)]):
Proof. Using the definition (5.1), we find from (3.1) that
(ϕ, k, γ) dp
2µ θ cos 2ν θ dθ dp
where we have also set sin 2 θ = t, and dθ = dt 2 t (1 − t) , in the inner θ-integral. Upon interchanging the order of integration on the right-hand side, which can easily be justified by absolute convergence of the integrals involved under the constraints stated with Theorem 5.1, we get
where we obviously have set p t µ (1 − t) ν = ω, and dp = t µ (1 − t) ν dω, in the inner p-integral. We now interpret the ω-integral by means of the definition (1.9) (with p = 0). We thus find that
which, upon setting t = sin 2 ϕ τ, and dt = sin 2 ϕ dτ,
Finally, by using the following integral representation (see, e.g., [31, p. 276, Eq. 9.4 (7)], see also [4] and [5] ):
we get the desired Mellin transform formula (5.2) asserted by Theorem 5.1.
Theorem 5.2. The following Mellin transform formula for
Proof. The proof of Theorem 5.2 runs parallel to that of Theorem 5.1. It similarly makes use of the following integral representation (see, e.g., [31, p. 283 , Eq. 9.4(34) (with n = 3)]):
The details involved may be omitted. 
we can deduce interesting Mellin transform formulas for
in (3.2) and (3. ; ;
Corollary 5.5. Each of the following Mellin transform formulas for
in (3.2) and (3.3) holds true: (2µs + 2 : 2, 2) : ; ; ; ; 
in (3.5), (3.6) and (3.7) holds true:
Proof. By putting ϕ = π 2 in (5.2), (5.6) and (5.7) and then using the following identity (see [20, p. 239 , Eq. (10)]):
we get the desired Mellin transform formulas asserted by Theorem 5.6.
Theorem 5.7. The following Mellin transform formula for
Proof. Putting ϕ = π 2 in (5.3) and using the following easily derivable reduction formula:
we get the desired result (5.10) asserted by Theorem 5.7.
Remark 5.8. If we choose the sequence {κ } ∈N 0 as in (1.14) and set µ = ν = 1 in the assertions (5.8) and (5.9) of Theorem 5.6 and in the assertion (5.10) of Theorem 5.7, we obtain the corresponding Mellin transform formulas for the extended complete elliptic integrals as asserted by Corollary 5.9.
Corollary 5.9. Each of the following Mellin transform formulas holds true: 12) and 
we derive the representations asserted by Theorem 7.4 below.
Theorem 7.4. Each of the following Laguerre polynomial representations holds true:
3)
Proof. Upon setting sin 2 θ = t, and dθ = dt 2 t(1 − t) , in (3.6), we get
We now make use of the known identity for the simple Laguerre polynomials (see, e.g., [16, p. 238, Eq. (5.155)], see also [25] ):
in the integral representation (7.6). After a little simplification, we get the desired representation (7.3). A similar procedure for E p (k) and Π p (α 2 , k) yields (7.4) and (7.5). 
in the integral representation (7.6), we get Upon interchanging the order of summations and integration, we find from (7.9) that (p), (ν) > 0, (p) > 0 , in (7.10), we arrive at the desired representation (7.7). A similar procedure for E p (k) would yield the second assertion (7.8) of Theorem 7.5.
Concluding remarks and observations
Our present investigation is motivated essentially by many potential avenues of applications of various families of incomplete and complete elliptic-type integrals as well as the generalized Beta function B ({κ } ∈N 0 ) p;µ,ν (α, β) defined by (1.12) . By means of the definition (1.12), we have introduced and systematically studied new extensions of the generalized Appell and Lauricella type functions of two and more variables and also of the incomplete and complete elliptic-type integrals. We have shown that the extensions proposed in this paper are potentially useful and that many of the known properties of the elliptic-type integrals carry over naturally and simply in terms of these extensions. We have also provided connections with the complementary error function, the Whittaker function and the G-function as new representations for special parameter values of the extended elliptic-type integral.
